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Abstract
Consider a finite-dimensional, complex Lie algebra g and a semisim-
ple automorphism α. This note aims to give a short and simple proof
for explicit upper bounds for the derived length of the radical r and the
rank of a Levi complement g/r in terms of the number of eigenvalues of
α and the dimension of the space of fixed-points. This is an extension
of classical theorems by Kreknin, Shalev and Jacobson.
1 Introduction
The literature provides many results on the structure of Lie algebras
admitting transformations that are regular in some sense, e.g.: [1].
One of the best known results is due to Kreknin and has since been
refined in many ways, [10]. The theorem states that there exists a
function k : N −→ N such that every Lie ring with fixed-point free
automorphism of finite order n is solvable of derived length at most
k(n). More generally, Shalev has shown there is a functionK : N −→ N
such that every Lie ring that admits a fixed-point free automorphism
with n distinct eigenvalues is solvable of derived length at most K(n),
[11]. Let us assume k(n) and K(n) assume the minimal values for
which the theorems hold. We then have
k(n) ≤ K(n− 1) ≤ 2n−1.
If the automorphism has non-trivial fixed-points however, the Lie ring
need not be solvable at all. Indeed: even simple Lie algebras admit
automorphisms that are not regular. The literature also provides many
results on the structure of Lie algebras that admit automorphisms
whose fixed-point subspace is small in some sense. One of the best
known results is due to Khukhro and Makarenko, [9]:
Theorem 1. If a Lie algebra g admits an automorphism α of finite
order n with fixed-point subalgebra of finite dimension m, then g has a
soluble automorphically-invariant ideal of derived length bounded above
in terms of n and of finite codimension bounded above in terms of m
and n.
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In view of these results, we aim to prove the following, (cf. theorem
3).
Theorem 2. Let g be a finite-dimensional Lie algebra over the com-
plex numbers. Let r be its solvable radical and let α be a semisimple
automorphism of g of with n eigenvalues andm-dimensional fixed-point
subalgebra. Then the rank of any Levi-complement is bounded by
rank(g/r) ≤ 2 ·m · n
and the derived length of the radical is bounded as follows:
dl(r) ≤ (m+ 1) ·K(n) +m.
We end this introduction with some remarks. Both theorem 1 and
2 (cf. theorem 3) reduce to the classical case if the automorphism
is regular. Secondly, note that the bound on the derived length by
Khukhro and Makarenko is better than that of theorem 2 in the sense
that it does not depend on the dimension of the subspace of fixed
points. On the other hand, we would like to point out three advantages
of the proofs in this note. Firstly: the proof of theorem 2 requires much
less effort than that of theorem 1. Secondly, the characteristic ideal
is simply the solvable radical of the Lie algebra and its codimenson
can therefore be interpreted as the dimension of a Levi complement.
Finally, the explicit upper bounds of corollary 1 and theorem 3 below
are an easy byproduct of the proofs and smaller than the previous
(recursive) upper bounds.
Corollary 1. Let g, r, n and m be as above. Then dl(r) ≤ (m+1)2n+
m and dim(g/r) ≤ 16(mn)3 + 4(mn)2 + 224(mn).
In this note we will only consider finite-dimensional Lie algebras
over the complex numbers.
2 Semi-simple automorphisms of Lie alge-
bras
Let us introduce some notation. For an automorphism α of g we define
Fix(α) to be the space of fixed-points and we define fix(α) to be the
dimension of that space. Similarly, we let eig(α) be the number of
distinct eigenvalues of α. If α is periodic, we let ord(α) be its order,
that is: the minimal n ∈ N for which αn = 1g. Note that periodic
automorphisms are semisimple.
2.1 Simple and semi-simple Lie algebras
The following result quantifies the general observation that automor-
phisms of simple Lie algebras admit many fixed-points (theorems 6
2
and 8 of [6]) and it is based on the classification of the complex, simple
Lie algebras. We would like to point out to the reader that Jacobson’s
use of the term regular automorphism in [6] is not the one used in this
paper’s introduction (or in much of the literature).
Lemma 1 (Jacobson). For every simple Lie algebra s and every semisim-
ple automorphism α of s, we have the inequality
rank(s) ≤ 2 · fix(α).
Jacobson confined his attention to simple Lie algebras, “for the
sake of simplicity.” It turns out that the generalization to semisimple
Lie algebras is not too difficult. Let us first consider Lie algebras of a
special form. Let s be a semisimple Lie algebra that decomposes into
m ∈ N0 simple ideals s0 ⊕ s1 ⊕ · · · ⊕ sm−1 and suppose it has an au-
tomorphism α ∈ Aut(s) satisfying α(sj) = sj+1. Here, the subscripts
are taken modulo m so that α permutes the simple ideals cyclically. In
particular: all simple ideals are isomorphic.
Let {pii}0≤i≤Zm and {ιi}0≤i≤Zm be the obvious projections and em-
beddings. Consider a non-zero eigenvector v with non-zero eigenvalue
λ. Then the homogeneous components {pij(v)}j∈Zm are linearly inde-
pendent and span an α-stable subspace V of s. Let α′ be the restriction
of α to V . Then α′ has m distinct eigenvalues {ωim ·λ}0≤i<m, for some
primitive m’th root of unity ωm. In particular: m ≤ eig(α). Let α0 be
the automorphism pi0 ◦α
m ◦ ι0 of s0. Then fix(α) = fix(α0) and we get
rank(s) = m · rank(s0) ≤ 2 · eig(α) · fix(α0) = 2 · eig(α) · fix(α).
We have just shown that the proposition below holds if the automor-
phism permutes the simple ideals of s cyclically. Let us now consider
the general case.
Proposition 1. For every semisimple Lie algebra s and every semisim-
ple automorphism α of s we have
rank(s) ≤ 2 · eig(α) · fix(α).
Proof. Clearly, s can be decomposed as s = m1 ⊕ · · · ⊕ mt with each
ideal mj stable under α and such that αj =: pij ◦ α ◦ ιj permutes
the simple ideals of mj cyclically. Here again, the pij and ιj are the
obvious projections and embeddings. Since rank(s) =
∑
j rank(mj)
and fix(α) =
∑
j fix(αj), we get
rank(s) ≤
∑
j
2 · eig(αj) · fix(αj)
≤ 2 · eig(α) · fix(α).
Note that the special case illustrates that, unlike in the simple case,
a bound for rank(s) must depend on both eig(α) and fix(α).
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2.2 Solvable Lie algebras
Proposition 2. Consider a solvable Lie algebra g with an automor-
phism α that has exactly n distinct eigenvalues and an m-dimensional
fixed-point space. Then the derived length of g is at most (m + 1) ·
K(n) +m.
Proof. Let us proceed by induction on m = fix(α). Since Shalev’s
theorem deals with the case m = 0, we may assume that m is positive.
Let us consider any α-stable subnormal series 0 = gr+1 ⊆ gr ⊆ gr−1 ⊆
· · · ⊆ g1 = g of g and a non-zero fixed-point x of α. Then there exists
an i such that x ∈ gi \ gi+1 and we may assume that i is maximal
under this condition. In particular: the induced automorphism on
g/gi is fixed-point free. Let g
′
i be an α-stable complement to C · x in
gi, containing the commutator [gi, gi]. In particular: gi = C · x ⋉ g
′
i.
Then the α-stable subnormal series
0 = gr+1 ⊆ gr ⊆ gr−1 ⊆ · · · ⊆ gi+1 ⊆ g
′
i ⊆ gi ⊆ · · · ⊆ g1 = g
has one more term than the previous one, and fix(α|g′
i
) = fix(α) − 1.
We may now apply the induction hypothesis to g′i to obtain dl(g
′
i) ≤
m ·K(n) + (m− 1). We finish the proof by combining the above:
dl(g) ≤ dl(g/gi) + dl(gi/g
′
i) + dl(g
′
i)
≤ K(n) + 1 +m ·K(n) + (m− 1)
= (m+ 1) ·K(n) +m.
Proposition 3. Consider a solvable Lie algebra g with an automor-
phism α of order n and an m-dimensional fixed-point space. Then the
derived length of g is at most (m+ 1) · k(n) +m.
Proof. The above proof also works in this case. Since α is periodic,
it is semisimple. The base case, m = 0, corresponds with Kreknin’s
theorem. It then suffices to perform the substitutionK(n) 7→ k(n).
2.3 Reduction to solvable and semisimple Lie alge-
bras
The proof of theorem 2 is now straightforward. Let g be a finite-
dimensional Lie algebra over the complex numbers. Let r be the solv-
able radical of g and s a Levi-complement to r in g so that we may
write g = s ⋉ r. Let α be a semisimple automorphism of g. Since r
is known to be a characteristic ideal of g, r is stable under α and the
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restriction α|r : r −→ r to r defines an automorphism of r. We may
also define an automorphism α : s −→ s on the quotient s ∼= g/r in
the obvious way. (Alternatively: a result by Mostow yields a Levi-
complement that is stable under α and we may denote the restriction
of α to that complement by α.) Clearly eig(α|r), eig(α) ≤ eig(α) and
fix(α|r), fix(α) ≤ fix(α). If α is periodic of order n ∈ N, then also α|r
and α are periodic and their orders divide n.
We may therefore restrict our attention to semisimple automor-
phisms of solvable and semisimple Lie algebras. Proposition 2 then
yields the upper bound for the derived length. Proposition 1 gives the
upper bound for the rank of the Levi complement.
The classification of the finite-dimensional, simple, complex Lie al-
gebras implies the following bound.
Lemma 2. Consider the monotone function f : N −→ N : k 7−→
2k2 + 2k + 112. Then dim(s0) ≤ f(rank(s0)) for each simple s0.
Proof. (of Corollary 1) In order to obtain the upper bound for the de-
rived length, we simply apply the upper bound for the function K(n)
as given by Shalev, for example: K(n) ≤ 2n−1.
Now let s be semisimple and let s0 be a simple ideal of maximal
dimension. Then the number of simple ideals is bounded from above
by rank(s) so that dim(s) ≤ rank(s)·f(rank(s0)). Since f is monotone,
we obtain dim(s) ≤ rank(s) · f(rank(s)).
By making the obvious substitutions, we obtain the following.
Theorem 3. Let g be a finite-dimensional Lie algebra over the complex
numbers. Let r be its solvable radical and let α be an automorphism of
g of order n and with an m-dimensional fixed-point subalgebra. Then
dim(g/r) ≤ 16(mn)3 + 4(mn)2 + 224(mn)
and dl(r) ≤ (m+ 1) · k(n) +m ≤ (m+ 1) · 2n−1 +m.
3 Remarks
There is a classical theorem by Higman that refines Kreknin’s theorem.
It states that Lie algebras with a regular automorphism of prime order
p are nilpotent of p-bounded class, [3] (cf. [2] and [5]). This was later
generalized by Khukhro and Makarenko to: every Lie algebra with
an automorphism of order p ∈ P and m-dimensional space of fixed-
points contains an automorphically invariant ideal of (p,m)-bounded
codimension and p-bounded class, [9]. One might therefore expect the
following analogue of proposition 2 and theorem 3 to be true:
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Conjecture. The nilradical of a Lie algebra that admits an
automorphism of prime order p with m-dimensional space
of fixed-points, is nilpotent of (p,m)-bounded class.
The standard filiform Lie algebras form counter-examples to this
conjecture since each such algebra admits an involutive automorphism
with one-dimensional fixed-point space. Finally, we remark that Hig-
man [3], Khukhro [7], Hughes [4], Shumyatsky and Tamarozzi [12] have
confirmed the conjecture k(n) ≤ n− 1 for n up to 7, so that we obtain
the following.
Corollary 2. Let r be the solvable radical of a Lie algebra g with
periodic automorphism α of order at most 7. Then
rank(g/r) ≤ 2 · ord(α) · fix(α)
and
dl(r) ≤ ord(α) · fix(α) + ord(α) + fix(α).
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